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Part A — Predicate Calculus — 15 marks

Consder the statement:
“If the square root of a posgitive natural number isirrationd it’'s because each of its prime factors appears

only oncein its factorization”

When we say that each prime factor of a natural number n appears only oncein itsfactorization, we mean
that every g is 1inthefactored form p,...p* of n (where dl the p’s are primes).

For any natural number n, define
. Theset Primes(n) ={dl primedivisorsof n}. For example Primes(24) = {2,3}
- The predicate Appear sOnce(m,n) to be true if and only if m appears exactly once as afactor of n

Al Trandation (5 marks)

Write out the symbolic form of this satement using only the symbols and words:
" 1$; n! p101 11 2aT "I' 1N!Q1 R1-1+1 |1'|! >1 <1 =1V ’ U1 U! ~1®!« ’(’)’ PrlnB’App%rwnce

A2 Negation (5 marks)

Write the negation of the symbolic form you found in part A1.

A3 Trandation (5 marks)

Write the English trandation of the symbolic form you found in part A2 without using varigble names.

A4 Bonus Question 1 (3 marks)

Redo question A1 without using the predicate AppearsOnce. Y ou can only use:
" $np01L21T,1T,N,QR,-,+}><=v,0U0~®, «,() Primes
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A5 Bonus Question 2 (5 marks)

Which of the two statementsistrue, the origina one or the negation?
Explain your answer.

Part B - Number Theory - 10 marks

Bl Proof (10 marks)

Provethat if q and sarerationa numbers with g<s then there isarational number x such that g<x<s.
Remember to lay out your proof following the format given in class.
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Part C — Set Theory — 30 marks
For the questions on this page, let

A ={1,2345,6},B={1,23}, C={4,5,6}, D={24,6}, E={{1} {2} {3} .{4} {5} .{6}}

C1 Set Operations (10 marks)

Lig the dements of the following sets.

BEC = { }
{B,.C} = { }
{{B}L{C}} = { }
{BO} = { }
B" C = }
{B}" {C = { }

C2 Partitions (10 marks)

Warning: if you have answered question C1 incorrectly, you may make mistakes in this question.
However, these two questions will be marked independently of each other, so please double-check your
answersto C1 carefully before answering C2.

Fill out the table below stating whether each set in the first column is a partition of the set next to it in the
second column.

Isthis set: a partition of this set? Answer (Yesor No)
{{B}{C}} A
{B.,C} A
{B,D} A
E A
E {B,C}
{{B}.{C}} {B.,C}
{B,C} {B,C}
{B" C} B"C
{B}" {C} B° C
{{(B.C)}} {8} {C
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C3 Proof (10 marks)

Provethat for al setsA and B, (A - B) E (A C B) = A.
Remember to lay out your proof following the format given in class.
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Part D — Relations and Functions — 25 marks

D1 Properties of Rdations (15 marks)

LeA={ab,cd}

@ Draw the directed graph of arelation on A that isreflexive but not symmetric:

®

2 Draw the directed graph of arelation on A that is reflexive but not trangtive:

®

(3)  Draw the directed graph of ardation on A that is reflexive and symmetric but not trangtive:

®
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D2 Equivaence Rdations (10 marks)

Definethe equivdencerdationSonZ ~ Z by
(ab) S(cd)iffa® cmod3andb® d mod 2.

The following questions are dl about the equivaence classes of the equivadence rdation S,

@ Give aformal definition of the equivalence dlass of an arbitrary pair (ab) T 2~ Z
[@D)] ={(xT Z" Z | }
2 Write out explicitly the equivaence class of (5,3).

Put enough dementsin the set so that the patternis clear.
Hint: It isprobably best to arrange the dementsin rows and columns rather than in along line.

[(5,3)] ={

3 How many digtinct equivalence classes are there?
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Part E - Recursion and Induction - 20 marks

Given the sequence e, defined with the recurrence relation:
&=1
6 =6u + 2+ 4k fork31

E1l Terms of a Sequence (4 marks)

Cdculatee, e, €3, €,
Keep your intermediate answers as you will need them in the next question.

E2 Iteration (6 marks)

Using iteration, solve the recurrence relation (i.e. find an explicit formulafor e,). Y our fina solution should

not contain sums (this meansthat if your final solution ill contains sums, you will not get full marksfor this
guestion, but you may get part marks depending on the correctness of your answer).

E3 Proof by Induction (10 marks)

Prove by inductionthat " nl N* 7]2%-1
Remember to lay out your proof following the format given in class.



